Abstract. We define a Newman property for BLD-mappings and study its connections to the porosity of the branch set in the setting of generalized manifolds equipped with complete path metrics.
Introduction
The class of BLD-mappings was introduced by Martio and Väisälä in [MV88] as subclass of quasiregular mappings that preserve solutions of certain elliptic partial differential equations. In that paper Martio and Väisälä showed, among other results, that the class of BLD-mappings has several equivalent definitions. In this paper we use the following geometric definition applicable in any path-metric space. For the definitions of a branched cover, the length of a path and path-metric spaces, see Section 2. Given L ≥ 1, a branched cover f : M → N between metric spaces is a mapping of Bounded Length Distortion, or (L-)BLD for short, if for all paths γ : [0, 1] → X, we have
We denote by B f the branch set of a branched cover f , i.e. the set of points in the domain where the mapping fails to be a local homeomorphism. A canonical example of a BLD-mapping is the planar winding map w : C → C , z → z 2 |z| along with its higher dimensional analogues w×id R n : R n+2 → R n+2 . These examples have branch sets of both zero measure and small topological dimension; such a property holds in general for BLD-mappings. Indeed, by the Cernavskii-Väisälä theorem, see e.g. [Väi66] , the branch set of a a branched cover between (generalized) n-manifolds has topological dimension of at most n − 2. For the definition of a generalized manifold see Section 2.
On the other hand, the Hausdorff-dimension of the branch set of an L-BLD-mapping f : Ω → R n is bounded away from n, dim H (B f ) ≤ n−ε(n, L), and this result is strict in the sense that for any n ≥ 3 and ε > 0 there exists a BLD-mapping g : R n → R n with dim H (B g ) ≥ n − ε, see e.g. [BH01] and [MV88, Section 4.27] . With the Hausdorff dimension of the branch set bounded away from n, it follows that the branch set of a BLD-mapping f : Ω → R n has n-measure zero. It is an interesting question, posed for example by Heinonen [HR02, Theorem 6 .4] that for BLD-mappings between quasiconvex spaces of type A (see Section 2 for definitions) the branch set of a BLD-mapping has measure zero. It is not completely known which assumptions of [HR02, Theorem 6.4] can be relaxed -especially if, in addition, the spaces are assumed to be generalized manifolds. We construct in Section 3.1 a BLD-mapping between Ahlfors 2-regular metric spaces with H 2 (B f ) > 0 which exemplifies some of the restrictions for possible positive results in the future and the limitations of the methods in the current paper.
Our approach for the study of the measure theoretic size of the branch set is motivated by the fact that for a BLD-mapping f : Ω → R n the branch set is locally porous, i.e. for any point x 0 ∈ B f there exists a constant δ > 0 and a neighborhood U of x 0 such that for any ball B(x, r) ⊂ U there is a point y ∈ B(x, r) such that B f ∩ B(y, δr) = ∅. In an Ahlfors n-regular metric measure space a porous set has measure zero, so in such a setting the question of Heinonen and Rickman can be approach via the porosity of the branch set. Studying the structure of the branch set via porosity is not a novel idea; indeed in [OR09] Onninen and Rajala study the branch set of quasiregular mappings between generalized manifolds of type A via a stratification to porous sets and reach estimates on the Hausdorff dimension of the branch set. Our approach to this question in the setting of BLDmappings is motivated by the proof of [MV88, Theorem 4.25]; the theorem in question implies that the branch set of a Euclidean BLD-mapping is porous. It turns out that the porosity is connected to the following concept of a Newman property for a BLD-mapping: f satisfies an ε 0 -Newman type property at x 0 ∈ X if there is a neighborhood U of x 0 and a constant ε 0 > 0 such that in any ball B(z, r) ⊂ U with z ∈ B f , there exists a point w ∈ B(z, r) such that
The term Newman property is motivated by an injectivity radius result of Newman from 1931, [New31] , which essentially states that if a finite group G acts nontrivially on a connected topological manifold M , then at least one of the orbits has a diameter of at least ε = ε(M ) > 0. Newman's result was generalized by McAuley and Robinson in [MR83] to state that for any manifold M , there is a constant ε > 0 such that any surjective branched cover f : M → N onto a manifold N is either a homeomorphism or has a fiber with diameter at least ε. Later on in [MR84] the elaborated on the topic and coined the term Newman property; note, however that our terminology differs slightly from theirs. For BLD-mappings the Newman property is strongly connected to the porosity of the branch set and our main theorem is as follows. For the definition of the terms see Section 2. (1) The mapping f satisfies a Newman property at x 0 .
(2) The the branch set of f is locally porous at x 0 .
We remark that the assumption of N being a Riemannian n-manifold instead of a generalized n-manifold is not required in the proof of the implication (1) ⇒ (2), see Proposition 3.1.
Finally we note that Guo and Williams have recently achieved some positive partial results on the question of Heinonen and Rickman also by studying the porosity of the branch. Their methods partly rely on a generalization of the McAuley-Robinson theorem in [MR84] . This generalization, [GWb, Corollary 4 .8], is essentially showing a Newman property for general branched covers between generalized manifolds with the extra assumptions that the domain satisfies a so called n-LLC property and the codomain has bounded turning. Using this they show that for a BLD-mapping f : M → N between generalized n-manifolds equipped with Ahlfors regular measures the branch set has zero measure under the aforementioned additional assumptions of M being n-LLC and N having bounded turning, but beyond the use of a McAuley-Robinson type theorem their methods are quite dissimilar compared to the current manuscript; see [GWa] and [GWb] for details. Lemma 2.1. Suppose f : X → Y is a branched cover between two locally compact and complete path-metric spaces. Then for every point x ∈ X there exists a radius r x > 0 such that U (x, f, r) is a normal neighborhood of x for any r ∈ (0, r x ).
Preliminaries
Another topological result we need states that the branch set cannot have interior points in a very general setting. The following lemma can be found e.g. from [Väi66, Theorem 3.2].
Lemma 2.2. Suppose f : X → Y is a branched cover between two locally compact and complete path-metric spaces. Then the branch set B f has no interior points.
In a metric space X the length ℓ(β) of a path β : [0, 1] → X is defined as
Paths with finite and infinite length are called rectifiable and unrectifiable, respectively, and a metric space (X, d) is a path-metric space if
for all x, y ∈ X. Similarly, a metric space (X, d) is (C-)quasiconvex if for all x, y ∈ X there exist a path β : [0, 1] → X with β(0) = x, β(1) = y and ℓ(β) ≤ Cd(x, y). A 1-quasiconvex space is called a geodesic space.
The following proposition is a part of Theorem 1.1 in [Lui17] .
Proposition 2.3. Let f : M → N be a continuous mapping between two complete locally compact path-metric spaces and L ≥ 1. Then the following are equivalent:
Here a mapping f : M → N is L-Lipschitz Quotient, L-LQ for short, if for all x ∈ X and r > 0 we have
We will use the fact that L-BLD are L-LQ repeatedly in the arguments.
A natural setting for the study of branched covers is that of generalized manifolds; see [HR02, Section I.1] for details. Definition 2.4. A locally compact Hausdorff space M which is both connected and locally connected is called a generalized n-manifold, if
(1) the cohomological dimension dim Z M is at most n, and (2) the local cohomology groups of M are equal to Z in degree n and zero in degree n − 1.
The importance of generalized manifolds arises from the fact that for a branched cover f : M → N between generalized n-manifolds topological index and degree theory are applicable. Especially topological index and degree theory imply the following fact, see e.g. We do not use spaces of type A neither in the statement nor in the proof of our main theorem, but describing the properties of the example constructed in Section 3.1 is more fluent with this standard terminology. We refer the reader to [HR02, Section I.1] for more details.
Definition 2.6. For a metric space X and an integer n ≥ 2 consider the following properties X may or may not have. (A1) X is n-rectifiable and has locally finite Hausdorff n-measure. (A2) X is n-Ahlfors regular. (A3) X is locally bilipschitz embeddable in an Euclidean space. (A4) X is LLC, i.e. locally linearly contractible. A space X is said to be of type A if it satisfies all of these properties and of type (A123) if it satisfies properties (A1), (A2) and (A3).
The proofs of the main theorems rely on the concept of an asymptotic cone of a given metric space. An asymptotic cone can be seen as a generalization of a tangent space; indeed in the setting of smooth manifolds, an asymptotic cone around a point x 0 corresponds to the tangent plane of the space at x 0 . For the general theory of asymptotic cones we refer to [Kap09] , for the interaction of BLD-and LQ-mappings with asymptotic cones see e.g. [LP14, Section 3] and [Lui17, Section 4].
Main results
We begin by proving the first implication of the main theorem in the form of the following Proposition 3.1. Proof. Suppose B f is not locally porous at x 0 . Then by the definition of porosity we can fix a sequence r n ց 0 such that
for all x ∈ B(x 0 , 1 2 r n ) and n ∈ N. For each j ∈ N, denote by X j and Y j the spaces M and N equipped with the metrics scaled by the factor r −1 j , respectively. The L-BLD-mapping f : M → N induces canonical L-BLDmappings f j : X j → Y j for each j ∈ N. Note that by (3.1) for all j ∈ N and x ∈ B X j (x 0 , 1 2 ), B X j (x, j −1 ) ∩ B f = ∅. By [Kap09] there exists, after possibly passing to a subsequence, locally compact and complete path-metric spaces (X,x 0 ) and (Ŷ ,ŷ 0 ) together with an L-Lipschitz mappingf :X →Ŷ such that in the sense of convergence of mapping packages,
andf (x 0 ) =ŷ 0 . Note that for any normal neighborhood U of x 0 any point in f U has at most finitely many pre-images in U since f is discrete and U is precompact. Thus by Lemma 2.5 there exists N 0 ∈ N such that U ∩ f −1 {f (x)} ≤ N 0 for all x ∈ U . This implies that for any r > 0 and all j ∈ N large enough,
for all x ∈ X j . Thus the mappings f j : X j → Y j have a uniform bound on their multiplicity, and by [Lui17, Theorem 4.1] the limiting mapf :X →Ŷ is L-BLD. (In the proof of [Lui17, Theorem 4.1] the assumption about having spaces of type A with uniform constants is only used to guarantee a uniform multiplicity bound (N), which we have here from (3.2).)
We show next that Bf ⊃ BX (x 0 , 1 4 ). To this end, letŷ ∈ BX(x 0 , 1 4 ). Let (y j ) be a sequence in j X j corresponding toŷ and fix ε ∈ (0, 1/4). For each j we study the ball B j := B X j (y j , ε). By the definition of the spaces X j and equation (3.1), there exists b j ∈ B f j ∩ B j for all large enough j. Now by the Newman property there exists a constant δ 0 > 0 such that, for all j large enough, there exists a point z j ∈ B j for which
From these pre-images of relatively large diameter we extract two sequences, (w j ) and (w ′ j ) with d X j (w j , w ′ j ) ≥ δ 0 for all j ∈ N. After passing to a subsequence if necessary these sequences converge to pointsŵ,ŵ ′ ∈ B(ŷ, ε) ⊂X, respectively, such thatd(ŵ,ŵ ′ ) ≥ δ 0 > 0. Furthermore the pointsŵ andŵ ′ map to the same point underf . Thusf is not injective in B(ŷ, ε). Since the argument goes through for any ε ∈ (0, 1/4), we conclude thatŷ ∈ Bf .
Thus the limit mapf , which is an L-BLD mapping between locally compact and complete metric spaces contains a ball in its branch set. This is a contradiction by [Väi66] , and the original claim holds.
We show next that the converse of Proposition 3.1 holds under the extra assumption that the space N is a Riemannian n-manifold. The theory of BLD-mappings from a generalized manifold onto Euclidean spaces and manifolds have been studied e.g. by Heinonen and Rickman in [HR02] . The fact that porosity of the branch set implies a Newman type property for a BLDmapping in this setting is not immediately applicable for new approaches to answering the question of Heinonen and Rickman, especially when compared to Proposition 3.1, but it does show that the Newman property arises naturally.
The proof of Proposition 3.3 relies on the following Zorich-type result for BLD-mappings which we have not seen explicitly stated in the literature, even though it is known to the experts in the field. Proof. Let U ⊂ M be a precompact domain. Since f is continuous, f U is compact and thus it can be covered with finitely many balls B j , j = 1, . . . , k, which are 2-bilipschitz equivalent to the Euclidean n-ball. Thus by Lebesgue's number lemma there exists a radius δ > 0 such that any ball of radius δ is contained in at least one of the balls B j . We set r 0 = δ/L, so for any ball B(x, r) ⊂ U with r ∈ (0, r 0 ), f B(x, r) is contained in one of the balls B j since f is L-Lipschitz. Since the constant φ may depend on the constant L, we may assume that such an image f B(x, r) is already contained in a Euclidean n-ball B(0, R).
Suppose now B(x, r) ⊂ U with B(x, r) ∩ B f = ∅ for some x ∈ U , r ∈ (0, r 0 ). Set φ = (4L 2 ) −1 and towards contradiction suppose f is not injective in the ball B(x, φr). Fix points a, b ∈ B(x, φr) such that f (a) = f (b) and let β : [0, 1] → B(x, φr) be a geodesic with β(0) = a and β(1) = b. Since d(a, b) ≤ 2φr = (2L 2 ) −1 r and β is a geodesic,
Since f • β is a loop in the Euclidean ball B(f (a), L −1 r), it is homotopic to the constant path t → f (a) via the homotopy
By the path lifting theorem [Ric93, Theorem II.3.2] each of the paths t → H(t, s), s ∈ [0, 1], has a unique total lift in the normal domain U . Since each of the paths t → H(t, s), s ∈ [0, 1], has length of at most
the lifts in turn have length of at most r/2 as f is L-BLD. Thus the lifts are contained in the ball B(x, r) which does not contain any branch points and we conclude that the homotopy H lifts to a homotopyH in B(x, r) contracting the path β to a constant path while keeping the endpoints a and b fixed. This is a contradiction so the original claim holds true: f is injective in B(x, φr). Proof. Since B f is locally porous at x 0 ∈ B f , there exists by the definition of porosity a neighborhood U of x 0 and a constant δ > 0 such that for all x ∈ U with B(x, r) ⊂ U , there exists a point y ∈ B(x, r) with
Let B(z, s) ⊂ U with z ∈ B f . By the definition of the branch, f cannot be locally injective at z. Thus by Lemmas 2.1 and 2.5 we may assume both that U is a normal domain and that all points in f U \ f B f have an equal amount of pre-images in U . Note that by the Cernavskii-Väisälä theorem, see [Väi66] , f B f has no interior points and so its complement in f U is not empty. By the local porosity of B f , there exists a point w ∈ B(z, (2L 2 ) −1 s) such that
By Lemma 3.2 there exists a constant φ > 0 for which f | B(w,φδ(2L 2 ) −1 s) is injective. The map f is an open mapping, so the set f B(w, φδ(4L 2 ) −1 s) is open and must contain a point y ∈ f U \ f B f . Thus the point y has at least two pre-images in U , one of them in B(w, φδ(4L 2 ) −1 s). We claim that there is another pre-image of y in the ball B(z, s). Indeed, fix a geodesic β connecting y to f (z). Since f is L-BLD, the path β has length of at most (2L) −1 s. By the path-lifting theorem [Ric93, Theorem II.3.2], the path β has at least two total lifts in U starting from z and these two lifts have disjoint endpoints in f −1 {y} since y / ∈ f B f . Furthermore since f is L-BLD, these two lifts have length of at most 2 −1 s. Thus we have
is injective, and so f has the Newman property at x 0 .
Proof of Theorem 1.1. The proof of the theorem now follows by combining Propositions 3.1 and 3.3.
id Figure 1 . Local patch of mapping in Example 3.4.
3.1.
A BLD-mapping with a branch set of positive measure. In this section we construct a 2-BLD mapping f : X → X where X is a compact and complete path-metric space equipped with an Ahlfors 2-regular measure such that H 2 (B f ) > 0. Furthermore the space X is of type (A123) and contains an open dense set which is a 2-manifold, though it is not a generalized manifold as it has local cut-points. 
see Figure 1 . The mapping g equals identity on the rectangular annulus, and the 2-to-1 winding map on the sphere such that the two branch points lie on the two intersection points of the sphere and the rectangular annulus. More precisely, the mapping g| S 2 equals to the mapping S 2 → S 2 , (φ, r, z) → (2φ, r, z) in cylindrical coordinates, rotated to have the two branch points at (−2, 0) and (2, 0). A straightforward calculation shows that g is 2-BLD. The mapping f arises as the locally uniform limit of 2-BLD-mappings f j : X j → X j . We construct the sequence recursively starting with f 0 := id : R 2 → R 2 . We imitate the construction of a planar Cantor set C of positive measure; on each step we choose four rectangles giving rise to the Cantor set and a fifth rectangle, disjoint from the rest and in the middle of them, on which we perform the local modification; see Figure 2 .
The triplet of sequences ((f j ), X j , Y j ) such defined is a Cauchy sequence of 2-BLD-mappings with respect to the convergence of mapping packages. Furthermore, the mappings f j are of uniformly bounded multiplicity, i.e. for any f j , j ∈ N, any given point has at most two pre-images. Thus by the proof of Theorem 1.4 in [Lui17] there exists a subsequence of this Cauchy sequence converging to a 2-BLD-mapping f : X → Y , where X and Y are the Gromov-Hausdorff limits of (X j ) and (Y j ), respectively. Finally a moment's thought shows that the branch set of f contains the planar Cantor set C with H 2 (C) > 0. Remark 3.5. With minor modifications, the mapping in Example 3.4 can be modified to an 1-BLD self-mapping Y → X, where Y is bilipschitz equivalent to X; indeed, this follows by pulling back the path length structure of the codomain under f , see e.g. [Aal16, Theorem 1.8].
